+ Ez*Mx, y) + Fz*f 2 (x, y) + Gz"f 1 (x } y) + Hz" = 0.
The various fi (x, y) are homogeneous polynomial functions of degree i in x y y, which must be individually absolutely invariant under the rotations about the origin through angles Ikir/l. Now fi(x, 3>) =0 represents i straight lines through the origin. But it is manifestly impossible for i straight lines to be invariant under rotations of 2T/1 if i < 7, unless they are the isotropic lines ( 
The vanishing of a would imply, contrary to hypothesis, a multiple point at the origin; the vanishing of (a + 1) is also to be discarded as the node cannot also lie on the unit circle for this would imply a circle meeting a septimic in 7 cusps and 7 nodes or 28 points, which is impossible. Hence the node is to be sought in the cubic factor. Fortunately this is reducible and yields the single root, -{(2/3) (7/2) 1 / 3 + (4/3) + (7/6) (2/7) 1 ' 3 }. Now if a polarity interchanges the cusps and inflexional tangents, cuspidal tangents and points of inflexion, the polarity will convert the entire locus into itself. This fact is due to the unique existence of the locus with the cusps in the specified position; the polar reciprocal curve possessing the same cusps must be coincident with the original septimic. The polarities are now exhibited.
The point and line coordinates of the following singularities are immediately deducible. Therefore the septimic is invariant under eight polarities, the first by the real circle x 2 +y 2 +cz 2 = 0, the others by the seven rectangular hyperbolas which touch this circle and whose principal axes coincide with the cuspidal tangents respectively. On account of the symmetry of the locus it is also invariant under six
